18.100B Midterm Exam
March 21, 2003

Name: DAA/ P”ATS X‘}

No books, calculators, etc. allowed. Show all work in the area provided. Indicate when appealing
to established results.

Problem 1. For (z1,y1) and (z2,y2) in R?, define d((z1,91), (z2,92)) = |71 — 72| + 11 — 12]-
Show that d is a metric (sometimes called the city-block metric), and describe the neighborhood

of radius 1 about the point (2, 2).
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Problem 2. Suppose that A and B are nonempty compact subsets of R* with ANB = 0. Let

E={d(p,q) | p€ A, g€ B}. Show that inf(E) > 0.
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Problem 3.

(a) Answer True or False:
—

}/ i. Cis ordered field.

-i. If A a.nd B are bounded sets of real numbers, and C = {ab | a € A, b € B}, then
% sup(C) = sup(A)sup(B).

L/ A compact metric space is complete.

T Eazbounded sequence in R™ contains a convergent subsequence.
F:— V. \]An uncountable subset of R then F must contain an interval.

V4 \%vi. If E is a compact subset of a metric space X then F is closed and bounded.

(b) Complete the sentence: A subset F of a metric space (X, d) is compact if and only if ...

Cvern open (gaoe O B comiins ke
R ubsoves
(c) Complete the definition: If X is a metric space and F is a subset of X, then F is dense in X
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(d) Complete the definition: An' ordered set S has the least upper bound property provided ...
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Problem 4. Let E be a connected set in a metric space (X, d). Prove that the closure of F is
connected.
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Problem 5. Let {a,} be a bounded sequence of real numbers and suppose that Y 27 an
diverges. Show that the radius of convergence of the power series) -2, anz™ is equal to 1.
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