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Problem 1: Let f be a continuous function defined on [a, b] such that f > 0 and fab f(z) dz =0.
We show by contradiction that f(z) = 0 for all £ € [a,b]. Suppose that there exists some point
p € (a,b) such that f(p) # 0. (Note that it suffices to consider only the interior (a,b) because if
f(p) # 0 for one of the endpoints of the interval, then f(p) must also be non-zero for some interior
point by continuity). Since f > 0 on the entire interval, f(p) > 0. We can use the continuity
of f to find a value 6 > 0 such that f(z) > % for every point within § of p. We then define
¢’ = min{4,p —a,b — p} (this handles the cases in which p—§ < a or p+ ¢ > b). Clearly f(z) > £
on the interval [p — ', p + '] C [a, b].

We use this ¢’ to define a partition P = {a,p — ¢',p + §',b}. We show that the lower Riemann
sum L(P, f) is greater than zero. Since f > 0 on [a, b], the inf f over the sub-intervals [a, p — §'] and
[p + ¢, B}re non-negative, and thus they do not contribute negatively to the lower Riemann sum, so
L(P, f) is bounded below by the component from the [p — §,p + ¢'] interval:
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The integral over the interval [a, b] is bounded below by this: V/ \0
0

b b
/ f(z) do = / f(@)dz > L(P, f) > 0

We have just shown that fab f(z) dz is greater than zero, contradicting our assumption that it is
zero. Thus no such p can exist; f(p) =0 for all z € [a, b].

Problem 2: Let f be a monotonically decreasing function defined on [1, co) such that Vz f(z) > 0.
We will show that f1°° f(z) dz converges if and only if > .-, f(n) converges. Note that since f is
monotonically decreasing, f € #Z on [1,b} for any b > 1.

Suppose the series >, f(n) converges. We will show that [ f(z) dz = limnye0 ;" f(z) dz
converges. Let n be an integer greater than 1, and define a partition P, of the interval [1,n] to
be the integers {1,2,...,n}. Since f is monotonically decreasing, sup;<,<; +1} f(z) = f(i) and
infricz<iv1y f(z) = f(i + 1). Therefore, since the length between each point in the partition is 1,
the upper Riemann sum U(P,, f) = 107 £(i); and similarly L(P,, f) = 2%, f(3). We use this to
show that lim,_, e fln f(z) dx converges by the Cauchy criterion. Given some € > 0, we can find a
N such that Vp,q > N the pth and gqth partial sums (call them S, and S;) of }_ f(n) are within €
of each other. Let M = N + 1. Then for any m,n > M,

S = U(Pa, f) /1 " #(z) de > L(Py, f) = Sn
St = U(Pr, f) > / " f(@) dz > L(Pm, f) = Sm
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Subtracting these two inequalities, we find
Sn—1 — Sm-1 2/ f(x) d:c—/ flz)dz > S, — Sn
1 1

We know m, n, m — 1, and n — 1 are all greater than N, s0 [S,—1 — Sjm—1] < € and |S, — S| < €.
Thus [fl" fl@)yde—f" f (x)l dz < e. This means that lima_,o0 " f(2) dz = [° f(z) dz satisfies the
Cauchy criterion, so it converges.

Next suppose that f;° f(z) dz = limpoeo J; f(z) dz converges. We will show that Y oo, f(n)
converges. Observe that applying Rudin’s theorem 6.12(c) to the integral gives lim,— o fln f(z) dz
= limps00 3opy f:‘H f(z) dz. Thus the convergence of [° f(z) dz is equivalent to the conver-

gence of the series Y oo, f:“ f(z) dz. Since f(z) is monotonically decreasing,. f:“ f(z) dz >
linf{icz<it1} f(z) = F(i+1). Thus the series > ;2 f(i + 1) converges by the comparison test since
it is termwise less than a series that converges. We can certainly add in the term f(1) without
affecting the convergence of the series, so Y .0, f(i) converges.

Problem 3: Let f and g be functions such that f >0, g > 1, and f,g € Z on [a,b]. We show
that *gi € Z on [a,b]. To do this, we first show that % € Z on [a,b]. Since g is Riemann-integrable,
it is bounded. We can express this as 1 < g < M for some M € R Let ¢(z) = L. ¢(z) is
clearly continuous on the domain [1, M], so we can apply Rudin’s theorem 6.11. This tells us that
¢(9(z)) = ;57 € # on [a,b]. We next apply theorem 6.13(a) and find that f = *gi € % on [a,b].

Problem 4: Let f be a bounded function on [a,b] that is continuous except at a countable set
E of points. We show that f € Z on [a, b].

Consider the function r(z) = limg_co(sup f — inf f) on the interval (z — i,z + ). Define a
collection of sets B, = {z: r(z) < 1} for n € J. Each set B, is open: consider any z € By,. Then
r(z) = m for some m < 1. That is, limg—eo(sup f —inf f) on (z — %,z + £) is m, which means we
can find an interval (z — %,z + ¢) where sup f — inf f is arbitrarily close to m. Since m < %, we
can certainly find such an interval where (sup f — inf f) < % Every point p in this interval, which
is a neighborhood of z, will thus have r(p) < %, implying p € B,,. Thus every point z of B, is an
interior point, so every B, is open. Hence, B, is closed. There are a countable number of such sets,
so Une, BS is closed.

By definition of continuity, if r(z) = 0, f(z) is continuous at = because the sup and inf are equal,
and if r(z) # 0, f(z) cannot be continuous at z. By definition of B,, B¢ contains the points z such
that r(z) > 1, so their union will contain all points where r(z) > 0. This is precisely the set E
of all points at which f is discontinuous. Since E is countable, each set B C E must be finite or
countable.

For any m, consider the set BS,. This set contains all z for which r(z) > L. It is closed (and
bounded, therefore compact), and also countable. We can therefore call its elements {z1,z2,...}.

For each element z;, we consider the neighborhood (interval) of radius % around z;. These are
all open sets, and their union certainly contains By,, which is compact, so there exists a finite
subcover that contains BS,. This subcover is a finite set of intervals of length %; their total length
is strictly less than Zf:l % = # We will designate this subcover as the collection of open sets

{C1,C,...,Cy}, and let C = J%_, C;. C contains all z for which r(z) > L.
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Now we consider the set (call it F') that consists of the interval [a, b] with C removed. Every z in
this set has 7(z) < L. By definition of r(z), there exist intervals (z — T+ %) where sup f — inf f
is arbitrarily close to 7(z); we can thus find such an interval (call it N(z)) where sup f —inf f < L
since (z) < .. These intervals are open sets, so the union |J,.p N(z) is an open cover of F.
Since C is open and F = [a,b] N C*¢, F is compact. So the open cover can be reduced to a finite
subcover D = N(z1) U N(z2) U --- U N(zy). Since this still covers F', we can reduce each open
interval N(z;) to a closed subinterval N'(z;) such that every point in F is in exactly one N'(z;).
The resulting union D’ = |J;2, N'(z;) contains every point in F, and has total length at most b— a.

Note that C U D’ = [a,b]. This arrangement of sets C and D’ allows us to make the upper and
lower Riemann sums arbitrarily close. Letting P be the partition defined by the endpoints of the
intervals in C and D', and M = sup|f(z)|, we show:

U(P,f) - L(P, ) < ot 4 220

m

The first term of the inequality comes from the sets in C. The sup and inf on these sets can differ

by as much as 2M, but their length is less than # The second term comes from the sets in D’.

The sup and inf on these sets can only differ by less than X (since they only contain points where

m
7(z) < &), and the total length of these sets is at most b — a. Since m was arbitrary, given any
€ > 0, we can choose m = M which makes the upper and lower Riemann sums within € of

each other. Thus, f € #Z on [a, b].






