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Problem 1:
Part a Note that since % + % = 1 and p and q are both positive, both p and ¢ must be greater

than 1 (else their reciprocals could not add to 1). Let z = :—: (we assume both u and v are non-zero
so z is defined). Assume without loss of generality that u? > v? (by the symmetry of the problem,

we can exchange uP and v?; we will consider the 4P = v? case later). Then z > 1. Consider the
function f(z) = £ - z#. Its derivative is f'(z) = z- %x%"l =% — 2279 = 2(1 - 279). Certainly
% > 0. Sinceg >0and z > 1, 277 & 1 and thus (1 — z77) > 0. So f'(z) > 0 and f(z) is strictly

increasing on (1,00). Note that f(1) = 2 — 1= —¢. Thus on (1,00), f(z) > —¢, s0 f(z) + ¢ > O:
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We need also to consider the cases where z is undefined. If u # v = 0, then the inequality is simply
0< %, which is clearly true, and similarly if v # u = 0. If u = v = 0, then both sides of the
inequality are zero and equality holds.

Next we consider the possibility that u? = v9. In this case, x = 1. Dividing the inequality by v?
and substituting x as before gives % + % > z7. With z = 1, the inequality becomes an equality:
% +(1- %) = 1. Thus equality holds if z = 1, in which case u? = v?. If z # 1, we showed above
that the strict inequality % + % > uv holds. Thus, equality holds if and only if u? = v9.

Part b Since f,g € #Z, fg € #Z. From part a, Vz € [a,b] fg < %,, + 9}. Thus, applying theorem
6.12(b),
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Part ¢ If f and g are complex-valued Riemann-integrable functions, the functions |f| and |g| are
positive real-valued Riemann-integrable functions, and by theorem 6.13(b), | f: fg d:c| <[ : |fglds <

f: |fllg|dz. Let a = (f: |f|P dz)? and B = (f: lg|? dz) 7. Suppose first that o and B are both non-

. b b
zero. Then let h = %l and j = J%- Then fa hPdz = mfa |f|pdz = 1, and by the same
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reasoning f: j9dz = 1. By part b:
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We also need to consider the case where either « or § is zero. Suppose a = 0. Then f |fIPdz = 0.
So Vz | f(z)|” = 0 because |f(z)|? is everywhere non—negatlve and its integral is zero (this is a result

from the last problem set). Thus |f| = 0, so gda: < f g|dx = 0. This means fg dz
a a a

is zero (since it certainly cannot be negative). Since a = ( f: IFIP d:z:):* is also zero, the inequality
reduces to 0 < 0, which is obviously true. The same argument can be applied if 3 = 0. So the

: gd:c' < (fab |.f|’°d:13):T (f: lgl"dz)% always holds.
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Problem 2:

Part a The n = 0 case reduces to f(z) = f(a) + [, f'(z) dz. This follows from the fundamental
theorem of calculus, which tells us f: f'(z)dz = f(z) — f(a). Applying this,

@) = £(@) + 1(2) - f(@) = f@) + [ " (@) da

Part b Assume by induction that f(z) = Y p s L ﬂgl(:1: —a)* + R,(z). Let g(t) = L;t):
and h(t) = f(™(t). Then ¢'(t) = (z — )" ! and h’ (t) = f(*+1)(t). Then we can write Rn(a:)
Zn_ilﬁ [Z ¢'(t)h(t) dt. Applying integration by parts,

Ro(@) = gty [10h@) - s@hia) - [ an0 i
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= - I+ R

So we have shown that
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Thus we have proven the inductive hypothesis for n, and by induction the theorem holds for all
n €N

Problem 3: Let {f,} and {gn} be sequences of bounded functions that converge uniformly on
E. We will show that their product {fngn} converges via the Cauchy criterion. The sequences are
bounded, so we can find some My such that Vn € J Vz € E |fn(z)| < My, and similarly M, such
that Vn € J Vx € E |gn(x)| < My; let M = max{Mys, M,}. Let € > 0 be given. Then by the uniform
convergence of {f,}, we can find a Ny such that Vn,m > Ny Vx € E |fa(z) — fm(z)| < 3%,
and a N, similarly chosen by the same criteria on g. Let N = max{Ny,N,}. Then for any
n,m > N and any z € E, consider | fo(2)gn(z) — fm(z)gm(z)|. By the triangle inequality, this is less
than or equal t0 | fn(Z)gn(2) — fn(2)gm (2)|+|fn(Z)gm (2) — fm(2)gm ()| = | fn(@)|lgn(2) — gm(z)| +
[fn(2) — fre(2)llgm(z)|. But [fn(z)| and |gm(z)| are both less than M by their boundedness, and
|fa(z) — fm(z)| and |gn(x) — gm(z)| are less than or equal to 537 by our choice of N. So this quantity
is less than M 557 + M 5% = €. Thus the sequence {fngn} satisfies the Cauchy criterion for uniform
convergence.

We now show that this is not true in the unbounded case. Consider two sequences of functions
defined on the interval [0,00). Define f,(x) = z? for all n. Clearly, {f.} is uniformly convergent
to f(x) = z? (since it does not even depend on n). Define gn(z) to be zero for z € [0,n] and 2 for
z € (n,00). Then {gn} converges uniformly to g(z) = 0: given any € > 0, we let N = [1]. Then
for any n > N, |gn(2)| is everywhere less than € because g, is defined to be zero for £ < n, and for
T >n gn(z) = L < T =e. Next consider the product of the sequences:

0
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The sequence {fngn} certainly converges to f(z)g(z) = 0, but this convergence is not uniform.
Given any € > 0 and any n € J, we will find a x such that f,(z)gn(z) — f(z)g(z) > €. Specifically,
consider £ = max{e + 1,n + 1}. Then fn(z)gn(z) =z > €. S0 fo(z)gn(z) — f(z)g(z) =2 -0> €.
Thus {frngn} cannot satisfy the definition of uniform convergence.

Problem 4: We consider the series Y oo, Tﬁ? with £ > 0. Fix any z > 0, and note that

the series is termwise less than }">° | - = 1 5°>° L. Thus by the comparison test, since }_ J»

converges, the series must converge for any > 0. Since we are restricted to considering non-negative
z, every term of the series is always positive, so the series converges absolutely for z > 0. The series
obviously diverges for z = 0.

We next show that the series converges uniformly on any interval of the form [z, 00) (for z > 0).
Write fo(z) = 1+_1155 then f(z) = Y o, fa(z). Let z > 0 be given, and consider the set E = [z, c0).

Forany t € E, t > z, and |f,(t)] = |1_+1172'E| < (ﬁ%,; = | fa(z)| By the previous result, the series

z;’;l fn(z) converges. Therefore, by the Weierstrass m-test, 3 o, fn(t) = f(t) converges uniformly
on E. So for any =z > 0, f converges uniformly on [z, c0).

The series fails to converge uniformly on any interval (0,z] (with z > 0). Let £ > 0 be given
and consider E = (0,z]. We will show that }_ f,(t) fails to satisfy the Cauchy criterion for uniform
convergence on E. Let p,g € J be given (p # ¢), and assume without loss of generality that
P < g. Then consider |3°7_) fa(t) = 3%, fa(t)| = %_, fa(t). The first term of this summation
is fp(t) = 357~ Since we are considering ¢ € (0,z], we can take u = min{z, 55} and we will have
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a u that satisfies both u € E and u < Fl" Then fp(u) > 5 +p12;7 = 3. So X7, fn(u) is certainly

bounded below by its first term, fp(u) = 5. So we have shown that for any p,q wecanfindau € £
such that |37, fa(y) = 2 2_, fa(y)| > 3. Thus Y f.(t) fails to satisfy the Cauchy criterion for
uniform convergence, and therefore f does not converge uniformly on (0, z] for any = > 0.

Nl

Next we show f is continuous on the domain (0, 00) where it converges. Consider any z > 0. We
will show that f is continuous at z. Note that by the density of the real numbers, we can find some
a satisfying 0 < a < . Then z € (a,00). From above, f is uniformly convergent on (a,c0). Also,
for each n, fa(x) = H_—}‘,; is clearly continuous on (a,00). Thus, since f = }_ f, is a uniformly
convergent sum of continuous functions on (a, o), it is continuous on (a, 0o0). Thus it is continuous
at z. Since z was arbitrary, f is continuous on (0, 00).

Finally, we show that f is unbounded. For any M > 0, we will find a point z € (0,00) such
that f(z) > M. Let k = [2M]. Then choose x = 7z. Thus for n < k, fu(z) = 1+_nl?—1; > 1. So
k

F@) =32, falx) > X5, fa(x) > 1k > M. Thus f is unbounded. 15)

10

\

Problem 5: We first show that if {f.} = {gn+ hn} and {9} and {h,} are uniformly convergent
sequences of functions, then {f,.} is also uniformly convergent. Let g and & be the limit functions
of {gn} and {h,} respectively. We will show that {f,} converges uniformly to g + h. Let € > 0 be
given. By the uniform convergence of {g,} we can find a N, such that Vn > N, Vz |gn(z)| < §
We can find a Nj defined equivalently for h,,. Then let N = max{N,, Ns} and Vn > N, consider
|fn(z) — (9(z) + h(2))| = |gn(2) + hn(z) — 9(z) — h(z)| < |gn(z) — 9(2)| +|hn(z) — ()| < 5+5 =
€. So {f.} converges uniformly to g + h. By considering the sequences of partial sums, we easily see
that this theorem applies to series as well: if }_ g, and }_ h,, converge uniformly, and f, = g + hn
then 3" f,, converges uniformly.

We use this result to show that Y o, (- 1)"”—2'!{ﬂ converges uniformly in every bounded interval.

Observe that this series can be written as the sum of two series: > o, (-1)* & + > o2 (-1)"%.

To show that it converges uniformly in every bounded interval, we need to show that both of
2

these two series converge uniformly. The first series is 3~ (—~1)"Z;. Since we are considering a

bounded interval, 3M € R such that Va lz] < M. Thus |(-1)M’

M —,— converges, so by the Weierstrass m-test 3 - | (—1)"Z5 converges uniformly on any bounded
1nterva1

< 1‘—”; Since M is constant,

The second series is > oo ; (U | which is independent of z. As a series in n, it converges (it is

the alternating harmonic series). Since it is independent of z, it certainly converges uniformly on
. . 2, .

any interval. By our result above, since > 02 (—1)"Z%% is the sum of two series that converge

uniformly on any bounded interval, it converges uniformly on any bounded interval.

zf_l(—l)"%ﬂ does not converge absolutely for any value of z. Observe that |(—1)"%ﬂ| =
—‘L‘— _'H. Thus for any z the resulting series is termwise greater than or equal to %, which

d1verges so by the comparison test it diverges.
/
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