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Problem 1: Let f be a complex-valued function continuous on [0, 1] such that fo1 fl@)z"dz =0
for any n € N. We show f(z) = 0 on [0,1]. First, note that any polynomial P(z) can be written
> oo aiz’ for some set of constants {a;}. Then applying theorem 6.12(a),

/01 f(2)P(z)dz = iai/ol fx)z* =0

i=0

So the integral of the product of f with any polynomial is zero.

Next, note that since f is a continuous function on [0, 1}, its complex conjugate 7 is also continuous.
To see this, note that a complex function can be written as a real part and an imaginary part:
f = a+ bi for real a,b. For f to be continuous, both a and b must be continuous functions; if one
were not then we could easily contradict the continuity of f. Thus the complex conjugate f = a — bi
is a linear combination of continuous functions, which is continuous. (Of course, if f is real, f = f.)
Therefore by the Weierstrass approximation theorem there exists a sequence of polynomials {P,}
such that {P,} converges uniformly to f on [0,1]. Then {fP,} converges uniformly to ff = |f|°
(via a result from the previous problem set). But since P, is a polynomial, by the above result
vn f01 f(z)Pn(z)dz = 0. By the uniform convergence of fP, — |f |2,

1 1
2 % — 13 —

[t @de= tim [ f@Pae) = lim 0=0 12,

\

Thus fol |f1?(z) dz = 0. Clearly |f I(z) > 0, so by a result from another previous problem set, Vz €

[0,1]|f(z)]* = 0. This requires | f(z)| = 0 on the entire interval, which means Vz € [0, 1] f(z),= 0.

Problem 2: Let P be defined by Ppt+1(z) = P.(z) + :‘2—"};:(—11 and Py = 0. We show that
limp_, o0 Pn(z) = |z| uniformly on [—-1,1]. Applying the recursive definition of P,41, we find

.’112— 2:1;
o] = Pas1(z) = |z|_<p,,(z)+ fn( ))

_ Pz z?
= B —Pn($)+|$| - 7

= [lzl - Pu(2)] + % llz] + Pa(2)] [lz] = Pa(2)]

~ [l - o) [1- )]

We next show by induction that ¥n € NVz € [-1,1] 0 < P,(z) < Ppti1(z) < |z|. The n = 0 base
case is clearly true because Py = 0 by definition and P, = 5‘23 Next assume that for arbitrary n > 0,
0 < Ph_1(z) < Pu(z) < |z|. We will show 0 < P,(z) < P,11(z) < |z|. Certainly 0 < P,(z) < |z| by
the inductive hypothesis, so we need only prove P, (z) < Pn4+1(z) < |z|. By the above assumptions,

it follows that 0 < |z} — P,(z) <1 and 0 < J—’—l%ﬂ < 1,500 < [lz]| — Pu(z)] [1 - Jﬂ%(ﬂ] <1
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and by the identity above, 0 < |z| — Pp41(z) < 1. So we have shown that P,;(z) < |z|. Next

we show that P, < P,4;. This follows from the definition of P,;: since Pp(z) < |z|, we know
2 2 z2—P3(2) es _ z2—P2(z)

P2 < z?) and 3 > 0. By definition, Pnpt1(z) = Pp(z) + 5 > P,. So we have shown

that 0 < P,(z) < Pn(z) < |z|. We have proven the inductive hypothesis for n, so by induction it is

true for alln € N.

Next we show by induction that Vn € N Vz € [-1,1] |z| — P,(z) < |z| (1 - ]%[)n The n =0

n
base case reduces to |z| < |z|, which is trivially true. Now assume that |z| — P,(z) < |z] (1 - ]%l) .
Then consider |z| — Pp+1(z)

|z| = Ppy1(z) = [|z| = Pa(z)] [1 1 + P (:z:)] by the identity above
< lz| = Pa(z)] (1 - —-—) since P,(z) > 0
n
< |z (1 _k [) (1 |z l) by the inductive hypothesis

= 1l (1- '””')nH

We have proven the inductive hypothesis for n + 1, so by induction it is true for all n € N.

n
Next we show, again by induction on n, that Vn € N Vz € [-1,1] |z| (1 - %[) < %H The
n = 0 base case reduces to |z| < 2, which is true since [z| < 1. Assume by induction that for some

n
n, |z| (1 - ]%[) < 737 Then consider

A(-5) - (-5)0-5)

< Ll (1 |$|) by the inductive hypothesis

n+ 2
2 n+l =)\ n+l _1
< — -— 1} < = < > =
< n+1n+2smce (1 2) because |z] lanan>O T223
T on+2 7
Thus by induction this inequality holds for all n € N.
We have shown that |z| — P,(z) < ;%7 for |z] < 1. We can use this to show that the series
{Pa(z)} converges absolutely to |z| on [ 1 1] given any € > 0, we will find a N such that ¥n >

NVz € [-1,1] [|z| = Pu(z)] < €. Take N =2 Then by the inequalities proven above, for all z in
this interval, ||z] — Pp(z)| < |z] — Pa(z) < 75 5 ; < 2+— < €. Thus {P,(z)} converges absolutely to

|z| on [-1,1].

Problem 3: We show that the series ) {pprime} B L diverges. For any fixed N, define p;, ... ,pk to
be the set of primes that divide at least one integer less than or equal to N. Then observe that

N1 1 1
Zn<H(1+p—+p2+ )

n=1 Jj=1 7
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To see that this inequality holds, note that by the fundamental theorem of arithmetic any integer

n < N has a unique prime factorization: a set of primes {p;_} such that n = p; pi,pi, --+ (each

prime may be repeated more than once in this factorization). Then ; = - 1%- ---. By our definition
ll ‘2

of k, we need only consider the primes in the set p;,...,px since n < Nj i.e. Va Di., € {p1,-..,pk}.

(1+ +d+- )contains the

sum of all possible fractions that can be written as a product of the rec1pr0ca.1 of primes drawn from
{p1,..-,pr}. Thus, the factorization of 1 is contained in the right side of the inequality. Since
n was arbltrary, this is true for any n < N The fundamental theorem of arithmetic guara.ntees
that the prime factorization will be unique, so the prime factorization of every term of Zn_l .
will be different. We showed that each term is contained in the expansion of the right 51de of the
inequality, so the right side contains every term on the left side. Thus the inequality E % <

I, (1+ +&+ )holds.

However, the expansion of the right side of the equation, H]—l

Next observe that

N k 1 k 1\ !
- 5 1+~ + — + (1 - —-)
Each term of the product is simply the sum of an infinite geometric series. Since each prime p; is
greater than one, its reciprocal is less than one, and each series converges to the value given above.

Next we note that on the domain [0, %], ﬁ < e%%. To prove this, consider the derivative of

2z _ _1 . . 2z 1 . . . . . ree . 0 _ I |
e 1= Which is 2¢** + =7 This derivative is certainly positive, and since " =1 = =, we

-1
know €%* > L on [0, 1]. Every prime p; is greater than 2, so 0 < (1 - %) < 1. Thus we can
apply the inequality we just proved to show that

N k -1 k
le (1_l) SHe,%.:eZ?:l,%.
1 i=1

(The final step is an application of the properties of the exponential function.)

Finally, we use this to show that the sum over all primes of ‘1—, diverges. Given any K € R, we
will show that > {p prime} ;7 > K. We apply the divergence of the harmonic series to find a value of

N such that 2,7:1 % > eK. Then, letting p;,...,px be the set of primes that divide at least one
E o2

integer less than or equal to N, we have shown that e¥ < Zf_l :L < ¢3>:"=1 ri . By the monotonicity

of the exponential function, this can only be the case if 3+ =1 p > K. Certainly the set {p;} is a

subset of the primes, and all primes are positive, so the sum over all primes will be greater than the

sum over {p;} which is greater than K. S0 } ¢, ,rime} % diverges.

Problem 4: Consider the function f defined by f(z) = (m + 1 — z) logm + (z — m) log(m + 1),
form € Nym <z < m+1, or equivalently f(z) = (lz] +1-z)log|z] + (z - |z]) log(|z] + 1). Also,
define the function g by g(z) = & — 1+ logm for m € Nym — % z<m+ %, which is equivalent
to g(z) = [z—_f_H —1+4log(|z + 5]). A plot of f, g, and logz is attached.
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We show that f(z) < logz < g(z). We will first show that this is true on all intervals [k, k + 3)
with k € J. First, note that the inequality holds at z = k: there |k] = |k + 1] = k. Then f(k)
and g(k) both reduce to logk, so f(k) < logk < g(k). On this interval, |k] does not change.
So f'(z) = —log|z] + log(lz] +1) = log(L?[J;JL—l). This is less than the derivative of logz, i,
whenever z > 1. Thus, f(z) < logz on any interval [k,k + }). Now consider the derivative
g'(z) = Lz_il_J > 1 since |z + 3] = lz] < = on this interval. Thus we have shown that on this

2
interval f(z) <logz < g(z).

Next we show the same result on intervals of the form [k+ 1,k+1) (k € J). Note that flk+3) =

1
Llogk + 3log(k + 1), and g(k + 3) = ';—1% —~1+log(k+1). Thus f(k+3) = log(VEVE +1) <
log(%) = log(k+3) (the inequality follows from the arithmetic-mean/geometric-mean inequality
and the monotonicity of the logarithm). Furthermore, log(f_ﬁ;) - ﬂ?{?ﬁ > 0so g(k+ 3) =log(k+

1)—7(k—1+—1; > log(k+1). Thus f(k+3) < log(k+1) < g(k+1%). On this interval, f'(z) = log(E[JJ—l),

which is everywhere less than (logz)' = 1 on these intervals. Thus, f(x) < logz on any interval
[k+1,k+1). Note also that on these intervals g(z) = E—_‘l_q = g3 < L. Thus we have also shown
2

that logz < g(z) on these intervals. So on the union of both classes of intervals, which is the set of
points z > 1, we have shown f(z) <logz < g(z).

Next we show that (for integer n), fln f(z) dz = log(n!) — 3logn. We will do so by dividing the

interval [1,n] into a sequence of intervals of length 1: [1,2},(2,3),... ,[n —1,n] and integrating over
each one separately. So we need to find
k+1 k+1
/ f(x)de = / (lz] + 1) log|z] — zlog|z] + zlog(lz] + 1) — |z) log(lx] +1) dz
k k

k41
= / (k+1)logk—zlogk+:clog(k+1)—klog(k+1)

[:k+1) — (k+ %)] logk + [(—k)+ (k+ %)] log(k + 1)

= %10gk+ %10g(k+1)

Therefore, we can sum these to find the integral:

n n-l, 1 n-l 1 i 1
/ fl@)dz = Z ilogk + §log(k+ 1) = (Zlogk) + §logn = (Zlogk) - §logn
1 k=1 k=1

k=1

Applying the properties of the logarithm,

" K 1 E 1 1
= —_— = . - | A Y——
/1 f(z)dz (kz_l log k) 3 logn = log k|=|1 k 3 logn = log(n!) 3 logn

Now we will integrate g(x) over the interval [1,n]. We will use the same type of strategy, dividing
it into intervals of length 1: [1+3,2+1],...,[n—1-3,n— 1], as well as the two smaller intervals
[1,1+ 1] and [n — 3,7n]. So we will need to find the integral from k + 1 to k+ 1+ 3

k+1+3 k+1+3 o k+1
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We will also need the integrals over the two smaller intervals:

1+1 1+1
[ Ce@i = [
1 1
n

" z 1 1
/_%g(x)dz = /n_ ﬁ—1+logn—§logn—-8—ﬁ

1
—1+log1dz=§

|8

W=

To find the integral over the full interval, we sum over the subintervals:

n—2

n 1 1 1
/lg(a:)da: = §+k2=;10g(k+1)+§logn—-8—ﬁ

" 1 1 1
= Zlog(k) - -2—10gn+ 3 &
k=1

1 1 1
= log(n!) — 510gn+ 3 &

We can therefore see that [;* f(z)dz > I 9(z)dz — §:

/nf(a:)da:—/n (:::)d:zc+l lo (n')—llo n—|lo (n')—llo n+l—i +l
. L 8 i) — 518 B T3 T8 T ) T 8
1 n 1 1

= 787878 T

This is clearly greater than zero for z > 1, so [ f(z)dz > [ g(z)dz — }.
Next, note that using integration by parts, we find that fln logz dz = nlogn —n + 1. We proved

above that Vz > 1 f(z) < logz < g(z). Therefore, by theorem 6.12(b), we know f1" flx)dz <
[ logzdz < [ g(z) dz. Therefore:

n n
/logxda: < /g(z)dx
1 1
nlogn—-n+1 < lo (nl)—-l-lo n+l+l.
g = B = 5708 8  8n
1 1
nlogn—-n+1 < log(n!)—ilogn+§
7 1
3 < log(n!) — (n+ -2—) logn +n

Moreover, since we know [ g(z)dz — 1 < [" f(z) dz < [ logz,

n 1 n
/ g(@)dz— - < / logz
1 8 1

log(n!)—-;—logn+-8% < nlogn—-n+1
log(n!)—%logn < mnlogn—-n+1

1
log(n!) — (n + 5)10gn+n < 1



So, combining these two inequalities, we have shown
7 1
3 < log(n!) — (n + E)logn-f—n <1

Exponentiating each side of the inequality (which is valid since the exponential function is mono-
tonically increasing), we finally arrive at the desired approximation to Stirling’s formula:

7 n!

ORI

<e
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x=linspace(1l,10);

f=(floor(x)+1-x) .*log(floor(x))+(x-floor(x)).*log(floor(x)+1);
g=x./(flooxr(x+1/2}))-1+log(flooxr(x+1/2)}));

plot (x, £f)
hold on
plot(x,qg)
plot{x,log(x))

diary off






