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Problem 1:

Part a () = 2598960 possible five-card hands can be made.

Part b We first choose distinctly the numbers of the five cards (from the 13 total values in the
deck), then multiply by the possible assignments of suits to each of the cards: 1317888 V

Part c The probability is = = 50.71%. ‘1

Problem 2:

We consider each of the three possible pairings of spinners. If one player chooses spinner A and
the other spinner B, there are nine possible pairings, each equally likely:

{(9, 8), (9, 4), (9, 3), (5, 8), (5,4), (5,3), (1,8), (1,4), (1, 3)}

Spinner A has the higher value in of the possible outcomes. Similarly, with spinners A and C, the
possible outcomes are

{(9, 7), (9,6), (9, 2), (5, 7), (5, 6), (5,2), (1,7), (1,6), (1, 2)}

in which spinner A wins of the time. Finally, in the pairing of B and C, the possible outcomes are

{(8, 7), (8, 6), (8, 2), (4,7), (4,6), (4,2), (3, 7), (3, 6), (3, 2)}

in which spinner B wins of the time.

Thus, we show that the second player has an advantage in this game. If the first player chooses
spinner A, the second player can choose spinner C, and have a probability of winning. If the first
player chooses B, the second player can choose A, for a probability of winning. Otherwise, if the
first player chooses C, the second player can choose B for a probability of winning. In each case,
the second player can guarantee himself a better than even probability of winning.

Problem 3:

Part a Let f, be the number of ways of flipping a coin n times without two consecutive heads. We
show that f,- = ffl_1 + fn— for n 2. Consider flipping a coin n times (ii 2). The first flip can
give either heads or tails. If it is tails, then the following flip can be either heads or tails, and the
problem reduces to the number of ways to flip n — 1 coins without consecutive heads, which is f_i.
Otherwise, the first coin is heads, and therefore the second coin is constrained to be tails, else we
would have two consecutive heads. After these two flips, the next one can be either heads or tails,
so the problem reduces to the number of ways to flip ri — 2 coins without consecutive heads: f_2.
Then f,-, is the sum of these two: f,, = f_i + f—2. The base cases 1 and fi 2 are trivial:
there is one way to flip zero coius and two ways to flip one coin, and no way to have consecutive
heads with less than two coins. /7
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Part b The difference equation f = f,j + fn2 is the Fibonacci equation. Its characteristic
polynomial is r2 — r — 1 = 0, which has roots 1±$ and Thus we expect a solution of

form f, A (1.±$) + B (-L)
. Setting n = 0, we observe that A + B = 1. With n 1,

A (i±) + B (iz) = 2. Solving these, we find A
=

and B = So the solution is:

(5+3(1+ (5_3(1_
2 ) 10 2 )

Part c Note that iz/ < 1. Therefore, the second term of the equation given above becomes
arbitrarily small as m becomes large, because the base of the exponent is less than 1. Thus it can
be ignored for approximation purposes. The probability that n coin tosses result in no successive
heads is the number of ways to toss a coin ri times such that successive heads never appear, which
is given by the formula above, divided by the total number of ways to toss a coin n times, which is
2. Thus, for large n, the probability that n coin tosses will result in no successive heads is close to
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\

Problem 4:

Part a Given E c S such that P(E) is defined, we show that 0 < P(E) 1. The set E = E fl
{1, 2,. . . , n} clearly cannot have more than n elements. Since IEI is always positive, 0 IEI n.

? Thus, 0 I4 <1, and 0 <P(E) = 1im

Part b Given E c S such that P(E) is defined, we consider P(Ec). Consider the set (Ec) = EC n
1 {1, 2,.. . , n}. Every integer between 1 and n is either in E or EC by definition, so =

— Eni.

Thus, P(EC) = lim (E
= 1im n—IEI

= 1 — P(E).

Part c Let E, F c S with P(E) and P(F) defined and En F = 0. Consider (EU F) = (Eu F) fl
) {1,2,.. . ,n}. This is equalto (En{1,.. . ,n})U(Ffl{1, .. . ,n}) = EuF. Clearly EnF = O,so

(Eu F)I = IEI + IFI. Hence, P(EUF) lim,0 I(’)’I lim IEI
= P(E)+P(F).

Part d Let F be the set of positive integers divisible by 3. We show that P(E) = . Note that the
set E contains the set of positive integers divisible by 3 less than n, of which there are [j. Note that

— Li <1 by definition of the floor function. Thus we can show that P(E) = lim, I[ =

Given any e > 0, we choose N = . Then for any n N, —

_____

1 = e. Thus
P(E) =

n Exact Approximate Error
0 1.0000 1.1708 0.1708
1 1.0000 0.9472 0.0528
2 0.7500 0.7663 0.0163
3 0.6250 0.6200 0.0050
4 0.5000 0.5016 0.0016
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Part e Suppose E is a finite set of positive integers. Then its cardinality El is finite. Clearly, for
all n, IETLI IEI. Given any e > 0, we can take N

=
Then for any n > N, Li =

. So

)J’7 we have shown that P(E) lim+ 1 = 0.

Part f We show that P(E) is undefined when E is the set of positive integers whose decimal
representation begins with the digit 1, because the sequence {i1} fails to converge. Let N > 0 be
given. Consider the smallest number greater than N that begins with the decimal digit 2, and write
this number as x = 2 x lO for some k e N. Then E contains at least 10’ elements: the integers
between 10k and 2 x 10k

— 1, which all begin with 1. Thus = . Now let y = 6 x 10k•

Then E contains at most 2 x lO elements, because any number between 2 x 10 and 6 x 10k must

begin with a 2, 3, 4, or 5, and could not be included in E. So LL{ < = . We have shown

that given any N, we can find a x,y > N such that —

. Thus, by the Cauchy criterion,

P(E) = lim does not exist.

Part g (S, P) is not a probability space because it fails to satisfy the probability axioms. Consider
the set E that contains all positive integers divisible by 3. We showed above that P(E) =

Note that E can be written as a union of a countable number of sets with one element each:
E = U1 {3n}. Each of these sets contains only one element, a finite number, so it has P = 0. But
by the probability axioms, since the union of these sets is E, we expect their probabilities to sum
to P(E) = . This is not the case, so (S, P) cannot be a probability space.
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