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Problem 1:

We condition on the event that the interchanged card is selected. Call this event A. There will
be 27 cards in the second half-deck, so the probability of choosing it, P(A) = % Let B be the
event that the selected card is an ace. The interchanged card is an ace by definition, so P(B|4) = 1.
Clearly P(A) = 2. Now consider P(B|A). The card is selected randomly from the 26 cards in the
second half-deck (excluding the interchanged ace), which are selected randomly from the 51 cards
in the full deck (again excluding the interchanged ace). There are three aces in these 51 cards, so
P(B[A) = &. Thus,

Problem 2:

Consider the possible outcomes of flipping a coin that gives heads with probability -% + x three
times:

Outcome Probability
TTT (2 -z)°
TTH | (3 -2)( +2)
THT | (1 -2)°(4 +2)
THH | (3-2) (3 +2)°
HTT | (4 -x)2(§+x2
HTH | (3-2) (3 +3)
HHT | (3 -2) (4 +2)
HHH (1+2)°

Part a Suppose the coin is fair. Then z = 0, and each of the outcomes listed above is equally
likely with probability é. There are four outcomes in event E: TTT, TTH, HHT, and HHH,
and four in F: TTT, THH, HTT, HHH. Their intersection contains 2 events: TTT and HHH. So
P(F|E) =2 = 4 = P(F), and E and F are therefore independent.
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Part b Suppose the coin is not fair and 0 < z < % Using the probabilities above,
P(E) = P(TTT)+P({TTH)+ P(HHT)+ P(HHH)

- (-9 (G- Gro)+ G-9) Gvo) + (re)

1
= 2224 =
x+2

P(ENF) = P(TTT)+ P(HHH)
3 3
= (%—x) + (%+:1:) =3x2+%
P(F) = P(TTT)+ P(THH)+ P(HTT)+ P(HHH)

- G2 G- G+ +(5-9) Gro)+ (iee)

1
= 224 =
a:+2

Since 0 < z < %, 0<z?< %, and thus 2z2 + % < 1. Note also that 3z2 + % < 2z + % Therefore,

P(FNE) 3z°+}
P(E) 2z2 + %

So E and F are not independent.

1
P(F|E) = <3z’ + 7 <2+ % = P(F)

Part ¢ In the above case, the coin is not fair and biased towards giving heads. Given the knowledge
that the first two coin tosses gave the same result, it is more likely that they were both heads than
both tails. Since the third coin toss is also more likely to give heads, it is more likely to match the
first two coins than it would if we had no knowledge about the first two.

In the case z = %, the coin toss gives heads with probability 1. So all three coin tosses will give
heads with probability 1, meaning that the first two and last two tosses will be the same. So in this
case F and F are independent.

Problem 3:

Let C(n,m) = fol y™(1 — y)™dy. We first show that C(n,m) = ;75C(n + 1,m —1). Let
u=(1—y)™ and v = %Hy"“ Then C(n,m) = fol udv. Applying integration by parts, we find
C(n,m) = u(1l)v(1) — u(0)v(0) — fol vdu. Observing that (1) and v(0) are both zero, the first two
terms are zero. So

1 1
1
C(n, = - [ vdu=— | —y"(—m)1-y)" 14
mm) = - [ | gt ema -t ay
1 . m
1-y)"  dy=——C(n+1,m—1
I [t a—0m ay = Zace s 1m -

We next show that fol Yy (1 —y)"dy = % by induction on m. Note that C(n,0) =
fol Yyt dy = n+-1 = (n—j_%%f—l)—!. This is our base case, with m = 0. Next, assume by induction that
C(n,m) = (n—f;%l), and consider C(n, m+1). We showed above that C’;‘T‘*ll(n,m+1) = C(n+1,m),
which equals %ﬁl (ZI;IZ:" = (n:ég_'fl;l!l)!. Thus, by induction, the claim is true for all n.m € N.
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Now consider the problem of flipping k+1 coins as in Laplace’s rule of succession. Suppose the first
n flips result in 7 heads and n —r tails. Let C; denote the event that the ith coin is initially selected,
Fy, » denote the event that the first n flips result in r heads and n — r tails, and H be the event that

the (n + 1)st flip is a head. The desired probability is P(H|F, ) = Zf:o P(H|Fp - C;)P(C;|Fr, ).
For a given coin, the probability of getting a head is P(H|F, »C;) = P(H|C;) = .

The probability of choosing coin ¢ given the results of the first n flips is
P(CiFnr)
P(Fy)
P(Fnr|Ci)P(Ci)
3 j=0 P(Fnr|C5)P(C))
iNT i \N—T
B -5 ()
She (B (-9 ()
Using this and the formula given above for P(H|F,, ), we find
i\T+1 i\n—T
S (BT (1 -9)"
k iNT S\TL—T
=0 (%) 1—1%)

For large k, we apply the following integral approximations, evaluating the integrals using the

P(Ci|Fpnyr) =

P(H|F,,)=

formula above

1 k (i>r+l (1 i)'n—-r
k2 \k k

1S /5Y AN . nr , _  rin—r) _ri(n—r)!
E5=0<E) (17) = /ox =) e = e )+ 1)1~ (maD)!

(r+Dn~-r)!  (r+1)(n-7)!
(r+l+n—-r+1)!  (n+2)!

Q

1
/ T (1-z)" T dx=
0

and hence conclude 9_‘6
r+){n—r)! 1
Tyl T
P(HIF""T) ~ rsy:—z'r)‘)' = n+2
n+1)!
Problem 4:

Part a Let T be the event that the person in question tests positive for being a nerd, and N be
the event that he or she is a nerd. Then
P(NNT)

P(T)

P(T|N)P(N)
P(T|N)P(N) + P(T|N)P(N)
(-9999)(.0001)
(.9999)(.0001) + (.0001)(.9999)

P(NIT) =

1
)

Part b The calculation in the previous result assumes that the probability of the selected individual
being a nerd is the same as the percentage of people who are nerds in the population at large.
Sampling from the population of students at MIT, this assumption is no longer justified.
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