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Problem 1: Since X is distributed uniformly over [—1, 1], fx(x) = for all x in this range and
0 otherwise. Therefore, the kth moment of X is

mk(X) E [Xk]
= f dx

— 1xk--11’

— 2k+1]_1

— Jo kodd

keven

Problem 2: Let X and Y be random variables with moments m(X) and mq(Y) defined. Then

mk(X+Y) E[(X+Y)k]

E [ ()XtYk_t] by the binomial theorem

= () E [XtYk_i] by linearity of expectation

= (.) [xi] E [yk_t] by independence of X and Y

= k
(k)

by definition

Problem 3:

Parta

Part b First, note that since E [Xj = 0, Var X E [Xe] = m2(X) = . Since the variables are
independent,

Var S = Var X1 + X2 + . + X Var X1 + Var X2 + ... + Var X =
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Part c Consider first the case of even k. Then for odd i, m(X) = mk_ = 0. Hence,

mk(S2)= ()mi(Xl)mki(X2) S
t=o

k /

= (km(Xl)mk_(X2) \(
i=oeven”’

k

E(k)1
1

— i+lk-i+l
i=O

Performing a change of variables, with p = i and q =

q
‘I 1 1

0
2p) 2p+ 1 2q—2p+1

2q)! 1 1

(2p)!(2q—2p)!2p+l2q—2p+l

(2q)! v
(2p+1)!(2q—2p+1)!

q

_(
q )_22Q1_2k1

p=o’’2p+1

4,

Then, consider the case of k odd. Then if i is odd, m(X) 0 and if i is even, k — i is odd and
mk_(X) = 0. Hence, each term in the sum is zero

mk(S2) = ()mi(X1)mk_i(X2)
i=0

k

i=0

So
2k k even

mk(X)=1
kodd

Problem 4: From above,
1 —1 <x <1

fs1 = fx
= { otherwise
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Performing the convolutions graphically (see the attached figures),

fs2(x) fs1(x) * fs1(x)

=f:fsi(tsi_t) dt

—2<x<0

0<x<2

10 otherwise

Part a Since f(x) = for x between —1 and 1 and 0 otherwise, f(x — t) for t between x — 1
and x + 1 and 0 otherwise. Hence,

Part b

.oo

(f*fx)(x)
= / f(t)fx(x-t)dt

=I f(t)dt
s+1

x— 1

1 px+1

:=J_ f(t)dt

1 çX+X+1

(f*fx)(x+zx) -(f*fx)(x)
= -J2

— 1 fx+1

—

Jx+x-1

1

2 Jr_i
— 1 1x+Ix+1

1 rX+l

f(t)dt-- I f(t)dt
2 j1

1 rx++l
f(t) dt +

— I f(t) dt
2 j
1x+1

f(t) dt
— 2

f(t) dt

1 x+x—1

f(t)dt- f(t)dt

fs3(x) fs(x) * fs1(x) * fs1(x)

fs2 (x) * fs1 (x)

= IoofS2(t
S1(Xt) dt

f(x—3)(x+3) —3<x<3

— 1o otherwise

Problem 5:
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Part c

d . i:Z1f(t) dt — f1’f(t) dt
—(f*fx)(x)lirn

- urn
f(t) dt - f7’ f(t) dt

— LX

Noting that as x becomes small, the integrals can be approximated by their width

multiplied by the value at one of the endpoints,

f(x + 1)x - f(x - i)x
= urn

1 1
f(x+1)—f(x—1)

Part d Assuming g is a function on R having a continuous derivative that vanishes outside some
finite interval,

[f *;j
=

f(t)g(x — t) dt

= f f(t)g(x - t) dt

00

=ff(t)9(x_t)dt

= f f(t)g’(x - t) dt

= (f*g’)(x)

Noting that the function fx is a square pulse, its derivative f is a pair of impulses: a positive
impulse of magnitude at x = —1 and a negative impulse of the same magnitude at x = 1 Since the
convolution of an impulse with a function is simply the function shifted and scaled, the convolution
with the derivative of fx is the sum of two copies of the function scaled by , one positive and
shifted a unit to the left, and another negative and shifted to the right. The formula from part c
follows:

d
—(f*fx)(x)f(x+1)-f(x-1)
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