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18.440 Exam 1
Friday, October 10, 2003

Show all your work on these sheets; you can write on the backs of sheets if you

need more space.

• (20 points) You have three fair six-sided dice (red, green, and blue). You

rform the experiment of rolling the dice.

a Describe a reasonable sample space S for this experiment, and describe the

probability function P on events in S. .
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b) E be the event that the red and green dice add up to 7, and let F be the event

that the green and blue dice add up to 5. Show that E and F are independent.
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c Let X be the random variable giving the sum of the red and green dice, and

Y the random variable giving the sum of the green and blue dice. Are X and ‘‘ /

Y independent? (To say that discrete random variables are independent means

that for every value a of X and b of Y, the events X = a and Y = b are

independent.)
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d) Calculate the expected value of X. • /tIo - ç (P
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2. (30 points) An urn contains n balls, numbered 1 through n. A ball is
removed at random, its number noted, and the ball replaced. Repeating m times,
provides m random integers (x1,... ,Xm), each between 1 and ii. Let X be the
largest of the x, a random variable taking values between 1 and n.

a) Describe a reasonable sample space S for this experiment, and describe the
probability function P on events in S.
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//‘ Compute the probability of the event X < k (for k between 1 and n).

ç)-Compute P(X = k).

)mpute exactly the expected value of X in the case m 1.

e) Compute an approximation to the expected value of X for general m, using the
formula

:jm
nm+l,(m + 1).

(Hint: it’s helpful to write k(k — 1) = (k — 1)-’-’ + (k — 1)m.)

Explain what ought to happen to E(X) as m tends to infinity. Does your formula
in (e) conform to this?
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3. (20 points) By a “five-digit number” I mean a string of five digits, each
of which is allowed to be 0, 1,... , 9; an example of a five-digit number is 00797.
Suppose a five-digit number is chosen at random, with all outcomes equally likely.

a) ‘What is the probability that no pair of consecutive digits is the same? (Compu
tational assistance: 812 = 6561.)

b) What is the probability that the number is a palindrome? (A palindrome reads . ..
‘

same forards as backwards, like 17871.) ,
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4. (20 points) Suppose that X is a binomial random variable with parameters
ri and p, so that

F(X = k) = (fl)pk(i _)n_k.

Calculate the expected value of X. (You may know the answer. Just writing -

it down is not enough; you need to show how to arrive at it from the definition,
explaining what you’re doing at each step.)

5. (10 points) The number of exams in an MIT course is a Poisson random
V variable averaging 3. (Helpful hints: e3 = .0498, and (1 —e3)3°= .216.) k’

a) What’s the probability that a particular course has at least one exam?

b) If you take thirty courses at MIT, what’s the probability that you’ll have at least
one course with no exams?

‘- J%.’% ,‘

/ - ‘

L

(kcs - / ,

‘
1

( 5c:



)AJ, 4-

A
‘<

( Ck-i
id

((- )
IA

k (-) :

/

( i}

V
/1

Ij’

IC
1’

‘2 11I.L-i,

4

I

/C

() (L)

A
—7

/


