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1 Overview

This project explores the use of a variety of Bayesian network inference algorithms. We imple
mented a couple of heuristic variants of an exact algorithm (variable elimination) and two different
approximate inference algorithms (likelihood weighting and Gibbs sampling). These implementa
tions were used to compare the accuracy and performance of these algorithms under a variety of
conditions.

In the case of the variable elimination algorithm, the heuristics we implemented were randomized
elimination ordering and greedy elimination ordering. A number of trials were run performing
the suggested queries with each of these variants; the relative experimental performance of these
heuristics are explored in Sections 2.2 and 2.3.

The approximate inference algorithms were run in a series of experiments using a range of dif
ferent operational parameters, comparing their accuracy to results obtained using exact methods.
This allowed us to determine what level of accuracy can be obtained from the algorithms given
a particular number of samples. We compare the effectiveness of likelihood weighting and Gibbs
sampling on four queries in two different networks, and examine how the structure of the network
and query affects the appropriate choice of algorithm. We also compare the runtime of the sampling
algorithms to that of finding the exact solution with variable elimination, to understand what level
of quality can be obtained from sampling algorithms in less time than finding the exact solution.

Our experimental results and analysis are presented as follows:

Section 2 discusses our work with variable elimination, and the initial data we obtained (2.2).
There. we explore the subtle differences between some query results (2.3.1), analyze the perfor
mance of random elimination-ordering (2.3,2), and compare random elimination with a greedy
elimination-ordering heuristic (2 .3.3).

In Section 3, we evaluate the likelihood weighting and Gibbs sampling solvers. We first experiment
with the number of samples that should be discarded during the burn-in period of Gibbs sampling
(3.l), and then use this to compare the result quality and runtime of likelihood weighting and
Gibbs sampling for different numbers of samples (3.2).

Finally, Section 4 gives a summary of our work on this project.

2 Variable Elimination

2.1 Experiment

We implemented the Variable Elimination algorithm as described by Koller and Friedman [2005,
unpublished].

It may be noted that some VE queries can be significantly optimized by eliminating irrelevant
nodes from the graph prior to performing Variable Elimination. In particular, any node which is
d-separated from the query (given the evidence) may be removed from the network. As has been
pointed out by Russell and Norvig, any node which is not an ancestor of the query or evidence nodes
yill be d-separated from the query; our implementation performs the optimization of removing all
such nodes from the net before performing a query.
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false 0.9979800168901212

Table 1: Results of Variable Elimination Queries: Task 1

1 0.O02000000043409999

Table 2: Results of Variable Elimination Queries: Task 2(b)

The initial data demonstrating the operation of our VE implementation may be found in Sec
tion 2.2.

2.2 Data: Variable Elimination

Our VE implementation obtains the results given in tables 1 and 2 for the queries from tasks 1 and
2(b). (The results from task 2(a) will be discussed in section 2.3.1.) The Burglary-network results
precisely match the results returned by the Enumeration solver with these queries; the Insurance
query matches the reference distribution given in the project handout.

2.3 Analysis: Variable Elimination

2.3.1 Basic Queries

Results from the suggested Insurance-network queries can be found in table 3.

One might imagine that in an insurance claim, knowing the car was a luxury vehicle might shift
the probable property costs uniformly higher (due to effects on the probable outcomes of CarValue.
ThisCarDam, and Accident). However, the network reports that this is not the case — the property
costs merely shift away from the low-to-mid-range (tens of thousands of dollars) into the lower and

P(Burglary j John Galls = true, Mary Calls = true)
true 0.2841718353643929
false 0.7158281646356071

P(Earthquake I John Galls true, Burglary = true,)
true 0.0020199831098788364

LP(Prop Cost Age Adolescent, Airbag = False, Mileage = TwentyThou,.)
Thousand 0.49761258318989815
TenThou 0.34597846229050366
HundredThou 0.13571003396327844
IVlillion 0.020698920556319802

P(N104 N41 “2”, N84 “1”, N116 “0”)

“0” 0 942999998850075
“1” 0 057000001149965
P(J\T73 N152 “1”, N116 = “0”, N43

0 0.9979999999565901

3



______________________

/

___________________V

Table 3: Results of Variable Elimination Queries: Task 2(a)

higher cost ranges. In fact, it makes the likelihood of millions of dollars in property damage
grow by a factor of 1.5. Given these results, one might wonder if young drivers are less likely to
be moderately-reckless when driving an especially expensive car: either they’re fairly careful, or
completely throw caution to the wind.

From an inspection of the Insurance graph, one might imagine that knowing the driver is a good
student might not have a great deal of effect on the probable property costs. In particular. the
GoodStudent node has no descendants and only two ancestors; the value of one of GoodStudent’s
ancestors (Age) is known, and is the sole parent of GoodStudent’s other ancestor (Age —÷ SocioEcon

GoodStudent)). The network supports this insight, as the query results change only very slightly
with the addition of GoodStudent to the query evidence.

2.3.2 Random Elimination Orderings

We ran the Variable Elimination solver with a random-elimination-order mechanism against the
four queries from task 2; histograms of the solver runtimes are plotted in Figures 1-4. (Note: due
to the trivial and largely-uniform nature of the Carpo queries, they are plotted against a linear
timescale, while the other queries are plotted against a logarithmic timescale.)

As can clearly be seen in Figures 3-4, the Carpo queries are rather trivial to solve: in over 450
trials per query, the solver never took more than 22 ms to answer either query. This triviality is
curious the other VE queries tend to be measured in seconds. However, an examination of the
relevant nodes on the C’arpo graph makes it clear what is happening — all the evidence variables
are d-separated from their queries, one query variable is a prior, and the other query has only
one ancestor. Thus, the non-ancestor pruning optimization mentioned in Section 2.1 causes both
the suggested Carpo queries to reduce to a highly trimmed graph. In the N104 query, the largest
possible CPT is of dimension 5, and in the N73 query, the largest CPT which can be generated is
of dimension 1 (!). Thus, we see that d-separation (and network structure) can have a tremendous
effect on query complexity.

P(Prop Cost I Age = Adolescent. Airbag = False, Mileage = Twenty Thou,
MakeModel = Luxury)

Thousand 0.5220516748791952
TenThou 0.26169185473341977
HundredThou 0.1839241319496738
Million 0.03233233843771127

P(Prop Cost Age Adolescent, Airbag False, Mileage Twenty Thou,
= True)

Thousand 0.5004883507298429
TenThou 0.33851209276039584
HundredThou 0.1394412996694684
Million 0.021558256840292778
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The Insurance network queries are much more subtly structured.’ To begin with, our 48Qri s (per
query) achieved only a rough sample of the possible elimination orderings: there were 16-17 nodes
left for elimination after graph-pruning and evidence-assertion, yielding over 16! 1012 possible
elimination orderings. Also, the inclusion of the one extra node in the GoodStudent query increases
the mean runtime by a factor of 4 (from around 15 seconds to around 60 seconds) relative to the
simpler query. Finally, these histograms have a number of local clurnpings of timings which hint
at some patterns which may relate to the sizes of computed CPTs.

2.3.3 Greedy Elimination Ordering i’i

When querying the Insurance network with the VE solver, using the greedy elimination-ordering
mechanism was noticeably faster2 than the fastest times achieved by the random elimination-
ordering mechanism. Given the vast size of the optimal-elimination-ordering search space, it should
come as little surprise that random orderings were unlikely to perform as well as an ordering which
employed some kind of selection heuristic.

With the much smaller elimination-ordering space of the Garpo queries, however, the random
orderer often matched the speed of the greedy heuristic. In the greatly reduced universe of these
queries, there is little reward for the sort of planning represented by the greedy heuristic.

3 Sampling

We implemented both likelihood weighting and Gibbs sampling techniques. To evaluate their
effectiveness, we first investigated the burn-in time for Gibbs sampling: the number of initial
samples that must be discarded before reaching the stationary distribution. We then used this
information when comparing the quality of likelihood weighting and Gibbs sampling to the exact
solution, for various numbers of samples.

3.1 Gibbs Sampling Burn-In Time

The Gibbs sampling algorithm begins with a random sample that ignores the evidence, and so
requires some time for the Markov chain to converge to its stationary distribution. Hence, the
earliest samples generated are not likely to be accurate, and we can expect that discarding them
will improve the overall accuracy of the algorithm.

To test this hypothesis, we experimented with the fraction of samples that would be discarded. We
ran experiments where 10,000 samples were taken, and an initial prefix was discarded. Note that
this means the number of samples actually used decreases as the prefix length increases. We tested
the Gibbs sampler with varying prefix lengths on clueries in the Burglary (Figure .5), Insurance
(Figure 6), and Carpo (Figure 7) networks. and plotted the Kuliback-Leibler divergence relative

‘Note, the rightmost (slowest) bin in each of Figures 1 and 2 represent trials which failed to terminate due to
exhausting the heap memory available to Java.
2The MakeModel query took 150 ms (versus a best time of 284 ms with random ordering); the GoodStudent

query took about 310 rns (versus a best time of 760 ms with random ordering).
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Figure 1: Logarithmic runtimes of VE solver with random elimination-ordering:
= Adolescent, Airbag = False, Mileage Twenty Thou, MakeModel Luimry,)
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to the exact distribution. Each experiment was repeated five times, and the mean and standard
deviation are shown.

Divergence vs burnin period: P(Earthquake Burglary,John)
0.02 I I I I I I

10000 samples

0.015 -

C)

0.01

- 0.005

-

03 O4O 0607 0.8 0.9
Fraction of samples discarded

Figure 5: Result quality vs. fraction of discarded samples, Burglary network

The Burglary and Carpo networks do not give interesting results: the divergence remains very low
with little variation until the burn-in time is increased to a large fraction (0.7 or greater). This
suggests that the samples quickly converge to the stationary distribution; then there are so few
samples from before the Markov chain has converged that they are easily outweighed by the rest
of the sample, and so discarding them has little effect. It isnt surprising that this is the case for
the Burglary and Carpo networks, since these are very simple queries. The Burglary network is
quite small, so only a few passes will be required before all the nodes have been sampled from a.
distribution that takes the evidence into account. The queries in the Carpo network are independent
of the evidence, which means both that much of the network can be ignored, and that sampling is
from the prior distribution so there is effectively no mixing time. Finally, we observe that with a
very large fraction of samples discarded, the divergence increases, as well as its variation between
experiments this is also no surprise, since the distribution is now being computed from a smaller
number of samples, increasing the error.

The Insurance network query (Figure 6) displays the expected pattern: if few or no samples are
discarded. the initial samples introduce error into the sampled distribution, and if too many samples
are discarded. the error increases because the effective sample size is shrinking. The minimum
error occurs somewhere in the middle. Fr this query, the graph shows that discarding the first 0.4
fraction of the samples gives the best results; the other Insurance queries (not shown) agree with
this result. There is quite a bit of noise in the data, perhaps due to the influence that the random
starting positions have on the Markov chain’s trajectory.
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10 I I I I I I

10000 samples

8-
-

03 4 05 06 07 08 0.9
Fraction of samples discarded

Figure 6: Result quality vs. fraction of discarded samples, Insurance network
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Figure 7: Result quality vs. fraction of discarded samples, Carpo network
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3.2 Quality of Approximate Inference / t’

To evaluate the quality of these inference algorithms, we tested them on four queries:

(1) Insurance network: P(PropcostlAge Adolescent, Airbag = False,
Mileage = TwentyTkou, MakeModel Luxury)

(2) Insurance network: P(PropCostlAge = Adolescent, Airbag False,
Mileage = TwentyThon, GoodStudent = True)

(3) Carpo network: P(N1O4jN41 2, N84 = 1, N116 0)
(4) Carpo network: P(N731N152 1, N116 0, N43 = 1)

For each query, we ran both likelihood weighting and Gibbs sampling with varying numbers of
samples, and plotted the Kullback-Leibler divergence of the sampled distribution relative to the
exact distribution. For Gibbs sampling, an initial prefix of 0.4 times the number of samples was
discarded for the burnin period, as per our results in Section 3.1. Likelihood weighting results are
shown in Figures 8, 10, 12, and 14 (at the top of each page); Gibbs sampling results are shown
in Figures 9, 11. 13. and 15 (at the bottom of each page). Each experiment was performed ten
times; the individual experiment curves are shown on the left graph, and the mean and standard
deviation are plotted on the right graph.

To put the number of samples in context, we compared the runtime of the variable elimination
algorithm with the time taken for each sample. Table 4 shows the results. For yE, the greedy
eLimination order was used, as it gave the best performance.3 From this, we find that on the
order of 500 LW samples or 5000 Gibbs samples can be performed in the same time as VE for the
Insurance network queries; for the Carpo network queries, these numbers are approximately 250
and 2500 respectively. The tenfold increase in sampling speed for the Gibbs sampler relative to LW
comes from the fact that the LW sampler must evaluate and resample the entire network for each
sample, while the Gibbs sample only needs to resample one node. The Insurance network contains
27 nodes, so an order of magnitude increase in runtime for the LW sampler is expected; we see only
a 10-fold rather 27-fold increase because the Gibbs sampler must evaluate all the children of the
selected node in addition to the node itself.

Query VE runtime LW time/sample Gibbs time/sample
1 149 0.479 0,0365
2 271 0.515 0.0397
3 35 0.151 0.0131
4 14 0.058 0.0062

Table 4: Runtimes of sampling and VE algorithms (all times in ms)

Comparing Figures 8—il, we gain some insight about whether likelihood weighting or Gibbs sam
pling is preferable for different kinds of queries in the Insurance network. In query 1, Gibbs sampling

3Note that the runtirnes for greedy VE in this experiment may differ from those presented in Section 2.3, as they
were performed on a different test system.
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is clearly preferable: with as low as 200 samples, the average KL divergence is below 5; likelihood
weighting requires 500-1000 samples to reach this level (which takes many times longer). This
means that likelihood weighting has little or no utility for this query, since in the time required
to perform 500 LW samples, the exact solution could be computed with variable elimination. In
specting the network, we can see why this query is a poor candidate for likelihood weighting: the
evidence combination of Age = Adolescent and MakeModel = Luxury is rare, so most samples
generated will have low weights, and there will be a large amount of error unless many samples are
used. Gibbs sampling does not have this problem.

For query 2, likelihood weighting performs better than Gibbs sampling. Likelihood weighting gives a
divergence slightly greater than 5 with only 20 samples, and below 1 when more than 40 samples are
used. Gibbs sampling gives reasonable results when 1000 or more samples are used (KL divergence
of about 5 with 1000 samples and less than 2 for more than 4000). However, these results are still
inferior in quality than those from likelihood weighting, and they require more time. In addition,
Gibbs sampling has a higher variance of divergence: even when repeating the experiment with the
same number of samples. it is possible to have an unlucky run that gives a large error. Likelihood
weighting shows much less variance. This query is well-suited for likelihood weighting, since most
of the evidence variables (Age. Adolescent, Mileage TwentyThou, GoodStudent True) are
located near the top of the graph, so forcing them to take their observed values does not greatly
impact the particle weight.

The Carpo queries (3 and 4) are quite a different case because the query variables are d-separated
from the evidence variables. Hence, we are effectively sampling the query values from the prior
distribution. Both sampling algorithms give very good results for such queries. Likelihood weighting
works well because the query variables are near the top of the network — the query variable in
query 3 has only one ancestor, and the variable in query 4 has none at all! Indeed, for query 3
likelihood weighting will give a KL divergence of 0.5 with as few as 10 samples, and a divergence
below 0.1 with 100 or more; Gibbs sampling gives a KL divergence below 0.5 with 200 samples,
and below 0.1 with 1000 samples. For query 4, the results are even better: a divergence below 0.05
can be obtained with as few as 10 LW samples or 100 Gibbs samples. We can conclude that queries
of this sort can be sampled very accurately without much effort but this is not a particularly
interesting result since the queries are so simple, with a graph in which most of the nodes can be
ignored. Moreover, the ultimate value of sampling may be limited, since the exact solution to these
queries can be computed in less than 50 ms by variable elimination.

A final observation is that the standard deviation of the divergences can be quite high when the
number of sample is small, especially for Gibbs sampling. In particular, looking at the graphs of
individual runs in Figures 9 and 11, we see that some of the runs give high-quality results, while
there are some outliers with very large errors. Hence, running Gibbs sampling with few samples
may a good result or a terrible one — unfortunately, one cannot tell which. This suggests that
if few samples are performed, repeating the experiment multiple times and taking the average
(or otherwise eliminating outliers) might be useful to give a better guarantee of a good result. (Of
course, this increases runtime, so it would need to be compared against simply taking more samples
in one experiment.)
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4 Conclusion

We implemented and studied a variety of Bayes’-network inference algorithms. Our experiments
allowed the comparison of their relative performance, and assessment of the relative accuracy of
inexact algorithms when run with various parameters. Additionally, analysis of our experimental
results led to a deeper understanding of the issues affecting query performance when performing
inference in Bayes’ nets, and a better understanding of the appropriate choice of sampling algorithm
and parameters for performing approximate inference in different Bayes’ nets.
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