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Problem 1-1

Let DROP-OUT( ) he the language consisting of all the strings that can he created by removing
one symbol from a string in A. ATe show that the class of regular languages is closed under this
operation.

Let L he a regular language and iVI he the DPA that recognizes L. We show how to construct; a
NFA that recognizes DROP-OUT(L). To do so, we construct a new machine M’ that cont;ains two

“copies” of 11/I (we refer to t;hem 1lI and ill2, L;hough they are actually parts of a larger machine
rather than separate machines). The start state of M’ will he the start state of ill., and the accept
states will he the accept states of ill2. il’I and 1W2 will each contain internal edges: replicas of the
edges in M. In addition, we add additional edges crossing from M1 to ]i’12: suppose a is a state
in M and a1 and a2 are the corresponding states in M1 and it4 respectively, and similarly b, b1,
and b2. Then if there is a transition from a to b in M, we add an c-transition from a2 to b2. Thus
M1 corresponds to the states before the removed symbol, M2 corresponds to the states after t;he
rc—noved symbol, and jumping between them across the c-transition corresponds to skippjgt1e
removed symbol. A picture follows. fr

More formally, let M = (Q, D, 6. q, F) and define M’ = (Q’, ‘, 6’, q’.,F’).

= {ra,rtQ}

= cLt/
F’ e F)

The transition function 6’ contains three classes of transitions:

1. from a1 to b2 with symbol a if 6(a, a) = h

2. from a2 to b2 with symbol a if 6(u., a) = h

3. from a1 to b2 with the empty string if there exists a a such that 6(a, a) = ii.
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Problem 1-2

a) Let N be a NFA with n states, with L(N) 0. Then there is some string w in L(AT). If w

has length less than n, then we are done so assume it has length !w n. Observe that the fact

that w is accepted by N indicates that there is a path P of at least JwJ transitions frorri the start

state of N to an accept state (it may have more than wi transitions because of c-transitions). So

it passes through wi + 1 states, including the start and end stares. But there are only n states; in

the machine, so by the pigeonhole principle, there must be a cycle in the graph. This cycle can be

removed (repeatedly if necessary) to Produce a path from the start state to the acce: state in n — 1

transitions. This corresponds to a string of length at most ri - 1 thaI. is acc:cpt atic:l therelore in

b) Consider the NFA N that consists of only one state, which is both the start state and an

accept state, and no transitions. This NFA accepts the empty string, since the stat—tate is an

accept state, hut does not accept any non-empty strings since there are no tniJns from the

state.

c) Let N he an NFA with n states, and dejne f(n) = 2°. We show that if L(N) 0 then

w E L(N) for some w with length less than [(n).’ Assume L(’) yt 0, i.e. that there is a string x

that is not accepted by AT. We show that a. string w can he produced with length less than 2”.

Convert N to the equivalent DFA. M. M has at most states. a; is not accepted by N, so it is

not accepted by M either, so there is a path of transitions in 111 that leads to a reject stale. As in

part a, we remove cycles from this path of transitions in order to create a stnii of length less than

2° (the number of states iii Al) that leads to the same reject state.

1This bound may not be tight, but it’s an upper bound, and it looks like a “reasonable function” to me.
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Problem 1-3

Consider the language L = {wxw w, z E {0, 1}+ }. We show by contradiction that L is not
regular. Assume the contrary. Then by the pumping lemma, there exists a pumping length p.
Consider the string a = 0100L Note that a E L. By the pumping lemma, a xyz, Vi > 0, xy’z E
L, ‘q > 0. and xyt < p. By the last condition, p is located in the initial p zeros. Therefore, a can he
pumped up to achieve the string a.’ =0k100pj for any k > 0. which will he in L. Arbitrarily. take
k = 2. So a’ = xwx for some non-empty x and vi. Since a’ ends with a 1. and the last. character in
a must he the last character in .x, x must end with a 1. Therefore. x must; be the string QT2f, sincc
this is the first prefix of a’ that ends with a 1. But then the remaining part of the string folhowing
this prefix is 07h1., and this must be equal to pa;, which is a contradiction. So L is not regular.
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Problem 1-4

Let E = {ab3 : i j, 2i j}. We show that L is a context-free language.
Note that £ can he expressed as the union of three languages:

1. {abJ : i <

2. {ab7 : <i<j}

3. {abJ i>j}

The first and last languages are clearly context-free; the second is more subtle. Note that if i
and j = y satisfies the inequality < i < j, then i = x-l- 1 and j y+ 2 also satisfies the inequality,
and likewise i = x + 2 and j = p + 2. These recurrences. combined with the base cases i = 2.,j = 1
and i = 3, j = 4 completely characterize the set of integers that satislies this Inequality. The prool
is by induction.

So F can be expressed as a context-free grammar:

• A — e aA

• B — e bB

• C — e aCb

• D i--- e j aDbb

• F — aabbb aaabbbb aFbb aaFbb

• £ DBb F aAC

F corresponds to the recurrence cx plained above: the three terms of E correspond to the three
component languages enumerated above.
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Problem 1-5

a) G is ambiguous. The following string has two possible parse trees:

if condition then if condition then a:=1 else a:=1
STMT

fF-TI-IEN-E LSE

if-condition-then

ASSIGN

STMT

-SIG

a. - I

a:==rl

STMT

IF-THEN

if-condition-then STMT

[P-TIlE -ElSE

if-condition-then STMT else STMT

ASSIGN ASSIGN

a: == 1 a: =1

[F-TI-lEN else

if condition then STNIT

a



b) The following grammar is unambiguous and defines the same language:

• STMT - A I B

• A ASSIGN if condition then A else A

• B — if condition then STV1T if condition then A else B

• ASSIGN —+ a:1

A represents suhexpressions in which every if statement 1-las an else clause, while B represents
those where at least one else is missing.
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