6.840 Dan Ports
Theory of Computation drkp@mit . edu
2004/11/18

Problem 5-1

Theorem 1. Any language A € P\ {A =@,A = £*} is NP-complete if P = NP.

Proof. Let A be a language in P that is not @ or *. Note that there are therefore strings R € A
and J ¢ A.

We give a reduction from SAT to A to show that A is NP-complete. Suppose ¢ is an instance
of SAT. Our reduction is as follows:

1. Solve ¢. This can be done in polynomial time, since P = NP.
2. If ¢ is solvable, let 14 = X. If it is not, let 9y = 1.
3. Output 4.

The reduction runs in polynomial time, and if ¢ is solvable it outputs X € A, and J ¢ A if not.
Thus, SAT is reduced to A, and A is NP-complete. So every language in P\ {A =2,4 =%*} is
NP-complete if P = NP. O
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Problem 5-2

Theorem 2. For a CNF-formula ¢ with m variables and c clauses, there is a NFA with O (cm)
states that accepts all non-satisfying assignments, represented as m-length Boolean strings.

Proof. Let-¢ be given as above. We give a NFA IV that accepts non-satisfying assignments of ¢. The
NFA contains ¢ “sub-machines”, corresponding to each clause of ¢. For each clause ¢, we create a
state O ; corresponding to the variable z; (1 < ¢ < m), plus an accept state D¢,m+1- We connect
Oc,i t0 D¢ 41 With a 0 transition if variable z; appears non-negated in clause ¢, with a 1 transition
if variable z, appears negated in clause ¢, and with both if z; does not appear in c. We then create
a start state that is connected by a e-transition to all of the s[::is(?(l.z

This uses m + 1 states per each of the c clauses, plus the ? state, so the number of states is
O (em).

This NFA gives the correct result. It accepts if the sequence of assignments given by the input
does not satisfy one of the clauses in ¢, and therefore does not satisfy ¢@; it rejects otherwise. O

Corollary 3. NFAs cannot be minimized in polynomial time unless P = NP.

Proof. Suppose NFAs can be minimized in polynomial time. Then 3SAT € P, so P = NP. O
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Problem 5-3

Lemma 4. Any regular expression R can be converted to a NFA N with n states in polynomial time,
where n is polynomial in |R|.

Proof. (The proof is routine; we give only an outline.) The procedure for performing the conversion
is precisely that given in Sipser, Lemma 1.29. Note that for each of the six cases in the definition
of the regular expression, the construction procedure requires time polynomial in the length of the
regular expression, and increases the size of the resulting NFA only polynomially. ]

Lemma 5. EQnra € PSPACE

Proof. Suppose we are given two NFAs N; and N,. We nondeterministically guess an input sequence

which one of the NFAs accepts and the other rejects, and simulate N; and N, on it with a Me— st be

The input sequence may be arbitrarily long (i.e. not polynomial in the size of Ny and N3), but it
does not have to be written to tape; the NTM can non-deterministically guess each symbol in the
sequence in turn while simulating the NFAs. Once the full input sequence is simulated, we verify
whether one NTM is in an accept state and the other is not. Thus, EQnga is in NPSPACE. Hence,
by the Immerman-Szelepcsenyi theorem, EQnra is in NPSPACE = PSPACE. - O

Theorem 6. EQREX S PSPACE

Proof. Suppose we are given two REXs R; and R,. By Lemma 4, we can convert these to equivalent
NFAs N; and Nz in polynomial time and space that have size polynomial in the length of their
respective REXs. We simply test whether (Vy, Na) € EQnea. The length of (N;, N») is polynomial
in the length of the input, so performing this test can be done using polynomial space, by Lemma 5.
So EQREX € PSPACE. 0
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Problem 5-4

Theorem 7. GM € PSPACE

Proof. Go-moku is clearly a combinatorial game, we can use the standard approach of inspecting the
game tree to identify winning strategies. Note that polynomial space is required to check whether
any player has won in a given configuration, since we can simply test all of the possible 5-lines
individually. We need only bound the depth of the game tree.

Lemma 8. At most n? moves can be made from any board position.

Proof. Markers can never be removed after they are placed. The board is n x n, so it has n? spaces.
2

Each player places a marker on every move. It is therefore not possible to make more than n? moves,
even if the board starts empty. O
Corollary 9. The mazimum depth of the game tree is polynomial in n.

Proof. Immediate from Lemma. 8. a

A representation of the board position is polynomial in n, since we simply need to store the
state of each of the n? squares. So we can store the game history in space polynomial in n, since
the size of this is simply the size of the board position multiplied by the depth of the game tree.
We need only keep a representation of the game history when testing all possible outcomes in the
game tree to check whether there is a winning strategy, so polynomial space is required. Thus
GM e PSPACE. O
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Problem 5-5

Theorem 10. HAPPY-CAT € P.

Proof. The game is combinatorial, so we can generate and scan the game tree to determine whether
the Cat player has a winning strategy. The game tree is exponential in size, but we do not need to
consider all of it:

0O (n2) possible game states must be examined. Each of the two players can be on any of the n
vertices of the graph, and either of the two players may be next up to move. So there are 2n? game
states. Recall that the game is defined so that it ends in a draw if both players are in the same
position and it is the same player’s turn to move as a previous game state. Thus, no game state
needs to be examined twice when traversing the game tree, since this gives an immediate draw. So
inspecting the game tree to determine whether the cat player has a winning strategy takes O (n2)

time, and HAPPY-CAT € P. O
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Problem 5-6

a)
Definition 11. FQ-FORMULA = {¢y,¢2 | $1 and ¢2 are equivalent formulas}
Lemma 12. EQ-FORMULA € NP

Proof. Let the certificate be an assignment of variables such that ¢; and ¢, differ. We can compute
in polynomial time the values of ¢; and ¢9 for this assignment and thereby verify the certificate. O

Corollary 13. EQ-FORMULA € coNP C PSPACE

A He”‘”(."”(#Theorem 14. MIN-FORMULA € PSPACE

easil . . .. -
?M' ean 7Proof. Given a formula ¢, we give a procedure for determining whether there is a shorter formula

rave -Hw.-( ¢’ equivalent to ¢: for every formula d shorter than ¢, we check whether (¢, 8) € EQ-FORMULA.
If any such 0 exists, we reject; otherwise, we accept. Since FQ-FORMULA € PSPACE, each check

M- FIRM can be done using polynomial space in |¢|. Indeed, the entire procedure requires only polynomial
€ AP ¢ space, since we simply need to store on the tape the current formula J being procgssed, process it,
f’ PAE then find the next 0 and overwrite the tape. So MIN-FORMULA € PSPACE /: O

b) It is true that a NTM can verify that ¢ ¢ MIN-FORMULA by guessing the smaller equivalent
formula ¢’. However, it cannot necessarily do so in polynomial time. Once it has guessed the formula,
it must verify that it is equivalent: it must check whether (¢, ¢') € EQ-FORMULA. We showed,
however, that EQ-FORMULA was in coNP, not that it was in NP, so the NTM cannot necessarily
perform this computation in polynomial time. So this proof fails to show that MIN-FORMULA
€ coNP.
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